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Abstract
Generalized f -coherent state approach in deformation quantization
framework is investigated by using a ∗-eigenvalue equation. For this pur-
pose we introduce a new Moyal star product called f -star product, so that
by using this ∗f -eigenvalue equation one can obtain exactly the spectrum
of a general Hamiltonian of a deformed system.
1 Introduction
A deformation of a mathematical object (here a path in phase space) is a family
of the same kind of objects depending on some parameter(s). The deforma-
tion of algebra of functions is central to the deformation quantization method.
Deformation quantization is introduced in [1] and extensively developed during
recent years (for a survey see [2]).
Since the appearance, the deformation quantization method is attracting an
ever-growing attention and more than ever it has found many application in
different fields of physics and mathematical physics [3, 4] such as high energy
physics, cosmology [5], string theory [6] and brane theory [7].
In other side, different generalization of coherent states are used extensively
in different methods of quantization, such as geometric quantization [8] and
specially Berezin quantization [9], as quasi-classical states to relate the classical
phase space to quantum mechanical Hilbert space. Because of their nonclas-
sical properties such as amplitude squeezing, quantum interference and sub-
Poissonian statistics [10], these states attract also many attentions in different
fields of physics specially quantum optics [11].
Our purpose in this paper is introducing a new deformation quantization
scheme using a special kind of generalized coherent states, which in quantum
optics literature known as nonlinear or f -coherent states [12]. In this article we
exploit the introduced ∗-eigenvalue equation by Fairlie et al. [13], for obtaining
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the energy spectrum of a general Hamiltonian.
2 The f-deformed coherent states
Man’ko et al., [12], have introduced (nonlinear) coherent states of an f -deformed
algebra as right hand eigenstates of the generalized annihilation operator Aˆ =
aˆf(nˆ), where nˆ = aˆ†aˆ is the usual number operator. These f -coherent states
can be expressed as
Aˆ |ζ, f〉 = ζ |ζ, f〉 , Aˆ† = f (nˆ) aˆ†. (1)
Thus, corresponding commutation relations are calculated easily as[
Aˆ, Aˆ†
]
= (nˆ+ 1) f2 (nˆ+ 1)− nˆf2 (nˆ) ,
[
nˆ, Aˆ
]
= −Aˆ,
[
nˆ, Aˆ†
]
= Aˆ†. (2)
Normalized NCSs can be expanded in the terms of Fock states as
|ζ, f〉 = Nf
∞∑
n=0
ζn√
n!f(nˆ)!
|n〉 . (3)
3 f-star product
The Moyal star product were used in several different systems and, as is usual in
different domain of physics, harmonic oscillators are most important example.
After defining two following functions a = q+ip√
2
, a¯ = q−ip√
2
, the classical Hamil-
tonian of SHO can be written as H = ωa¯a. We can rewrite the star product in
terms of the functions a, a¯ as
∗M = exp
[
h¯
2
(←−
∂a
−→
∂a¯ −←−∂a¯−→∂a
)]
. (4)
Therefore, ∗M−commutator algebra of harmonic oscillator is given by
1
h¯
[a, a¯]∗M =
1
h¯
(a ∗M a¯− a¯ ∗M a) = 1. (5)
In the past years many attempts were devoted to generalization of this product
for systems containing damping [14], and coupling to other system and anhar-
monicity are incorporated in Hamiltonian [15]. Here we propose exploring the
generalized coherent states to extend deformation quantization for these systems
via introducing a new generalization of the Moyal star product. An explicit dif-
ferential form of star product for these systems is yet not introduced, although
some attempts are done [16].
In this work we will show that our new star product, we call f -star prod-
uct, can preserve the ∗f−commutator of the deformed annihilation and creation
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functions, A = af(n) and A¯ = f(n)a¯, similar to commutation relation of an-
nihilation and creation function that preserved Moyal-∗M−commutator. We
introduce now the f -star product as
∗f = exp
[
h¯
2
(
(n+ 1) f2 (n+ 1)− nf2 (n))
(←−−
∂
∂A
−−→
∂
∂A¯
−
←−−
∂
∂A¯
−−→
∂
∂A
)]
(6)
= exp
[
ih¯
2
(F (n))
(←−
∂
∂q
−→
∂
∂p
−
←−
∂
∂p
−→
∂
∂q
)]
,
where F (n) =
(
(n+ 1) f2 (n+ 1)− nf2 (n)) /f(n)f(n+1). This f -star product
has all properties of a star product and according to [17] can be written as
k ∗f g = kg + ih¯
2
F (n)
[
∂k
∂q
∂g
∂p
− ∂k
∂p
∂g
∂q
]
(7)
− h¯
2
4
k
[
F (n)
(←−
∂
∂q
−→
∂
∂p
−
←−
∂
∂p
−→
∂
∂q
)
F (n)
(←−
∂
∂q
−→
∂
∂p
−
←−
∂
∂p
−→
∂
∂q
)]
g +O(h¯3),
for arbitrary functions k and g on phase space.
Based on the Kontsevich work [18], this star product with F (n), which
depends on q and p, keeps associativity up to the second order, O(h¯2). One can
easily see that differential operators act on F (n) just in the terms of second order
in h¯. In the following sections, we will preserve the first order of h¯ to obtain
the ∗f -eigenvalue equation. Thus, we can simply extract F (n) from product
expansion and one can just apply differential operators on functions k and g.
Now, we can easily show the following correspondence between two algebras[
Aˆ, Aˆ†
]
= (nˆ+ 1) f2 (nˆ+ 1)− nˆf2 (nˆ) , (8)
1
h¯
[
A, A¯
]
∗f =
[
(n+ 1) f2 (n+ 1)− nf2 (n)] .
The first equation corresponds to commutation relation between generalized
creation and annihilation operators whereas the second one is related to the
generalized functions. It is obvious in the limiting case f(n)→ 1, f -star product
will be identified with Moyal star product and ∗f -commutator identified with
∗M -commutator.
Now, by calculating the Wigner function of generalized coherent state and
using the new defined star product we can obtain the corresponding ∗-eigenvalue
problem. The diagonal elements of Wigner function in this representation, ac-
cording to [12], are given by,
W f (q, p) =
∞∑
n=0
W fnn(q, p) = 2N
2
f e
−(q2+p2)
∞∑
n=0
(−1)n
n! [f(n)!]
2
|ζ|2n Ln(2
(
q2 + p2
)
).
(9)
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Using the following phase space Hamiltonian as ansatz, we obtain the corre-
sponding ∗-eigenvalue equation,
H =
h¯ω
2
(
A¯A+AA¯
)
(10)
En =
h¯ω
2
(
(n+ 1) f2 (n+ 1) + nf2 (n)
)
(11)
=
h¯ω
2
[((
q2 + p2
)
2
+ 1
)
f2
((
q2 + p2
)
2
+ 1
)
+
((
q2 + p2
)
2
)
f2
((
q2 + p2
)
2
)]
.
By putting this Hamiltonian in ∗f−eigenvalue equation, the desired equation
will be achieved,
H ∗f W fn = EnW fn (12)
+
ih¯
2
(
(n+ 1) f2 (n+ 1)− nf2 (n)
f(n)f(n+ 1)
)(
∂H
∂q
∂W
∂p
− ∂H
∂p
∂W
∂q
)
.
The first term in the right hand side is exactly the spectrum of the Hamiltonian
of a f−deformed harmonic oscillator. By some simple consideration, we can
show that the imaginary part is equal to zero.
For more detail and some applications of this method to different examples,
see [19].
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